We compute the left-rigth entanglement entropy for crosscap states in unoriented rational conformal field theories. The crosscaps considered here preserve a diagonal subalgebra of the full symmetry algebra. The entropy for some minimal models is explicitly given.
Introduction
Entanglement is a quantum feature that has become to be very important in the study of diverse phenomena in string theory and condensed matter physics. In particular, the measure of entanglement by the entropy has been a relevant idea from the theoretical point of view. Left-right entanglement entropy (LREE) in 2d-Conformal Field Theory (CFT) is the entanglement entropy between the left(holomorphic) -and right(aniholomorphic) modes defining the boundary state in a boundary CFT [1] [2] [3] . It seems that this measure of entanglement allows one to compute in a simplest way the spatial entanglement entropy of a bulk theory by means of a bulk-boundary correspondence. In particular the LREE seems to detect the topological entropy of the system in question. This fact has been explored in [3, 4] , where the LREE of boundary states in (1 + 1)-d RCFT was studied. Specially, the LREE for an Ishibashi state of a diagonal CFT over a circle of circumference ℓ was found to be S = πcℓ/24ǫ + log(d j /D), where ǫ is an UV cut-off and d j and D are the quantum dimensions of the theory. Using the bulk-boundary correspondence, this LREE is equivalent to the spatial entanglement entropy in (2 + 1)-d Topological Quantum Field Theory (TQFT). In this equivalence, the first term in the right-hand side of this equation corresponds to the spacial EE. The second term, log(d j /D) is associated to the topological entanglement entropy of anyons of type j. For the case of Chern-Simons theory in a general oriented 3-manifold the LREE is defined by introducing a new regularization for the boundary states. The results obtained with LREE surprisingly agree with the spatial entropy computed using path integral in 3d [5] .
Until now, the LREE has been studied on CFT in the cylinder which is an oriented surface. By gauging the CFT by parity symmetries (preserving conformal invariance) on the two-dimensional space-time one obtains a CFT on unoriented surfaces, such as the Klein bottle. In such case, there are physical states called crosscap states associated to the parity symmetries, such that they contain the information on the nonorientability of the space-time. There is one crosscap state for each parity symmetry [6] . Such theories are usually referred to as unoriented CFT. Such theories have a lot interest in string phenomenology (see for instance [7] ) and recently in modern advances in condensed matter physics [8] [9] [10] [11] .
In this article, we are interested in to study the LREE of crosscaps. Our motivation is given by the relation of the LREE with the topological entropy described above. Since the 3d-Chern-Simons theory on a Z 2 orbifold is related to a (1 + 1)d CFT of an unoriented surface [12] , one could expect that the spacial entanglement entropy of the 3d-theory could correspond to a LREE for some crosscap state on the 2d unoriented surface. So far, none of these entropies has been computed and such correspondence between these entropies has been not explored yet.
The organization of the article is as follows. In Section 2, we give a short review of crosscap states on unoriented surfaces, where the relation between the parity symmetries and crosscap states in the simplest case is presented. Next, in Section 3, the LREE for crosscap states is computed. Some examples are described such as the Ising model, the Tricritical Ising model and the SU(2) k WZW model. Finally, the conclusions are given in Section 4.
Crosscaps in RCFT
We start with a brief review of RCFT, for an extensive study of the subject see [13] [14] [15] . A RCFT is a realization of a symmetry algebra A ⊗ A where the number of primary fields is finite. The holomorphic (chiral) algebra A is an extension of the Virasoro symmetry algebra. The generators are denoted as W (r) n with n ∈ Z and r = 0, 1, 2, . . . label the different fields and where the Virasoro generators can be defined as L n = W 0 n . The antiholomorphic (anti-chiral) algebra A is given in a similar way. In this work, the isomorphism between A and A is assumed. The introduction of crosscaps breaks the symmetry algebra. In this notes we consider conformal field theories on two-dimensional surfaces with crosscaps that preserve a diagonal subalgebra of the A ⊗ A symmetry.
The Hilbert space is decomposed as
where H i denotes the irreducible representations of the chiral symmetry algebra and i is the conjugate representation to i. For a given representation i of the chiral algebra A, the states are linear combinations of the states of the form I W (r I ) −n I |i, 0 with |i, 0 the highest weight state. We restrict our analysis on LREE to theories with the specialized character which only consider eigenvalues of L 0 . For each representation i of the chiral algebra A it is defined as
where τ is the modular parameter describing the shape of the torus. In the next section we will be interested in the modular transformation of the characters. Under the transformation T : τ + 1 → τ the character in the representation i is transformed as
where T ij = δ ij e 2πi(h i −c/24) and h i are the conformal dimensions of the primary operators. Under the transformation S : τ → −1/τ we have
The gluing conditions for the generators of the theory on a crosscap are given by
where s r is the spin of the current W (r) . For a parity symmetry P µ with P 2 µ = 1 (µ labels the number of parity symmetries), a solution to Eqs. (2.4) is given in terms of Ishibashi states as follows:
with
where 
. The coefficients in (2.5) are constrained by the duality between the one-loop partition functions on the Klein bottle and Möbius strip and their respective tree-channel partition functions. More specifically, the partition function defined on the Klein bottle is equivalent to the partition function between two crosscap states
where the transformation of the fundamental domain of the Klein bottle to tree-channel diagram with two crosscaps is given in [6, 8] . The labels µ and ν denote different parity symmetries and g µν = P µ P −1 ν is an internal symmetry that commutes with the chiral algebra. Similarly, the one-loop partition function of a Möbius strip is equivalent to the overlap between one crosscap state and a boundary state, with the characters transformed under the matrix P = √ T S T 2 S √ T . There is a general solution given by Pradisi-Sagnotti-Stanev (PSS) satisfying these duality conditions [17] . Such solution is true for any theory with charge-conjugate modular invariant partition function. For such case P 0 : i → i where µ = 0. This PSS solution is
If the theory has simple currents g, a new parity symmetry can be defined for each simple current as P g = gP 0 . In such case
3 Left-right entanglement entropy for crosscaps in RCFT
The methodology to compute the LREE for crosscaps is very similar to the LREE for boundary states given in [3] , here we rewrite those computations adapted to crosscaps. In the following discussion, the label µ denoting different crosscap states related to the different parity operators is deleted for a while. In order to define the density matrix, one has to consider instead the regularized crosscap state e
H(2ℓ) |C . This is the same prescription employed in the case of entanglement entropy for boundary states due to the fact that the boundary Ishibashi states are non-normalizable. The parameter ǫ is an UV cutoff and H(2ℓ) = π ℓ (L 0 +L 0 − c/12) is the Hamiltonian defined on a circle of circumference 2ℓ that generates time translations in the tree-channel. In this configuration τ = iℓ/2ǫ. The density matrix is defined as
where the normalization constant N = j |Γ j | 2 e −2πi(h j −c/24) χ j (−1/2τ + 1) is fixed by the condition Trρ = 1. After performing the T -transformation of the character, this normalization constant becomes N = j |Γ j | 2 χ j (−1/2τ ). This constant is in fact the Klein bottle partition function between the same crosscap states [15] .
Let us now denote the holomorphic sector by A and the anti-holomorphic sector by B. The reduced density matrix ρ A = Tr B ρ, which is obtained by tracing on the antiholomorphic modes is given by
It is easy to see that this matrix is diagonal. Using the replica trick, and after performing the T -transformation on the characters we find
After this transformation, the computation of the entanglement entropy is very similar to the boundary states given in [1, 3] . We will not repeat those computations here and we give just the relevant results. One has to perform an S-transformation of the characters and take the limit ǫ/ℓ → 0 to obtain the leading contribution in the characters which comes from the lowest conformal dimension. In unitary theories, the identity representation has the lowest value and it is zero. We choose to denote the identity representation by 0. Therefore we have
Using the definition for the entanglement entropy S A = −lim n→1 ∂ n Trρ n A , the LREE for each crosscap state associated to P µ is given by
These results seems very similar to the LREE of boundary state. The first term detects the central charge of the theory and it diverges as ǫ goes to zero, the difference is determined by the last two terms which contain the coefficients Γ µj . Some of these coefficients are projected out by parity symmetry. Also, these two terms contain the topological data of the theory. For the particular case in which Γ µi = δ µi , the crosscap state is reduced to the Ishibasi crosscap state and the LREE is given in terms of the topological entropy
where we have used the fact that S 0j = the total quantum dimension.
For the PSS crosscap state the coefficient is given in (2.8). Substituting this coefficient into (3.5) and using the fact that P † P = 1 and P T = P , the LREE for this solution is
In terms of the quantum dimension this equation becomes
A similar equation is obtained for the crosscap associates to parity P µ . In the following we apply these equations to the LREE for some models: the Ising model, the tri-critical Ising model and SU(2) k WZW model.
The Ising model : The Ising model has a central charge c = 1/2 and three primary operators denoted as 0, ε, σ with conformal weights h = 0, 1/2, 1/16 respectively. The crosscap coefficientes are given in [18] and the P -matrix can be computed from the S-matrix but it has been already given in [17] . In this case there is only a crosscap corresponding to the parity symmetry P 0
From (3.7) the LREE is The matrix P determined from the matrices T and S is given in [19] . As in the previous case, P 0 is the only parity symmetry acting on the model. Using the relation (2.8) we found 12) where
) and
). These coefficients satisfy
These relations were found using sewing constrains in [20] . However, the explicit form of the coefficients have not been given previously.
The crosscap state is
14)
The corresponding LREE is given by
The crosscap states for the SU(2) k for k even are given in [12] and [6, 21] . In such case there are two different crosscap states, the standard PSS solution denoted as |C given by (2.8) and a simple current induced state denoted by |C k/2 determined by the coefficient (2.9). For the standard crosscap |C the LREE is
For |C k/2 the LREE is
Final Remarks
In the present article we have considered CFT on non-orientable surfaces. Following [3] we have computed the left-right entanglement entropy for crosscap states that preserve a diagonal subalgebra of the complete symmetry algebra A ⊗ A. We applied the results to the Ising model, tricritical Ising model and the WZW models. Similarly as in the boundary case, the leading term in the entropy depends on the underlying CFT and it diverges as the UV cuttof goes to zero. The subleading terms in the entropy contain the quantum dimension as well as the information of the crosscap coefficients. It would be interesting to extend these results to crosscaps in orbifolds and crosscaps that preserve a w-diagonal symmetry as described in [6] . Due to the correspondence between the Chern-Simons theory on Z 2 orbifolds and a 2D CFT on unoriended surfaces established in [12] , it is reasonable to propose that, some of the left-right entanglement entropy for the WZW theory discussed here, could be associated to a geometric entropy in the 3d theory. However, in order to check this, some work has to be done in the computations including Wilson lines in these theories.
It is also reasonable that our computation will be related to the topological entangled entropy associated to the AdS/CFT gravitational dual described in [22] . For the extreme minimal models as the Ising and tricritical Ising models it would correspond to a Universal entropy which captures the entanglement of the corresponding threedimensional gravity theory on a non-orientable bulk. The Hilbert space is precisely constructed by states satisfying relations (2.4). Some of the mentioned problems will be worked out in the near future.
Finally, the LREE for bosonic and supersymmetric Dp-branes were studied [1, 2] , however this entropy has been not explored exhaustively in String theory and its role is not clear yet. It is worth to work more in this direction.
